A LETTERS JouRnAL EXPLORING
THE FRONTIERS OF PHYSICS

October 2012

EPL, 100 (2012) 20004
doi: 10.1209/0295-5075/100/20004

www.epljournal.org

Minimal length, maximal energy and black-hole remnants

AHMED FARAG ALI'®) | Hassan NAFIELN?(®) and MosTara SHALABY3(C)

! Department of Physics, Faculty of Sciences, Benha University - Benha, 13518, Eqypit
* Department of Physics, Faculty of Sciences, University of Tabuk - Tabuk, Saudi Arabia
3 Department of Physics, Faculty of Sciences, Ain Shams University - Cairo, 11566, Eqgypt

received 14 July 2012; accepted in final form 25 September 2012

published online 30 October 2012

PACS 04.60.Bc — Phenomenology of quantum gravity

PACS 04.60.Cf — Gravitational aspects of string theory
PACS 04.70.Dy — Quantum aspects of black holes, evaporation, thermodynamics

Abstract — In this paper, we investigate the impact of the generalized uncertainty principle
(GUP), proposed by some approaches to quantum gravity such as string theory and doubly special
relativity theories (DSR), on black-hole physics. It turns out that such a modification will give
corrections to both the temperature and the entropy of black holes. In particular, the proposed
GUP also changes the picture of Hawking radiation greatly when the size of black holes approaches
the Planck scale. It prevents black holes from total evaporation, predicting the existence of black-
holes remnants which may be considered as a candidate for dark matter.
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Introduction. — The existence of a minimal length is
one of the most interesting predictions of some approaches
related to quantum gravity such as string theory as
well as black-hole physics. This is a consequence of
string theory since strings cannot interact at distances
smaller than their size which yields generalized uncertainty
principle (GUP) [1]. Black-hole (BH) physics suggests
that the uncertainty relation should be modified near the
Planck energy scale because of measuring the photons
emitted from the black hole suffers from two major
errors. The first one is the error by Heisenberg classical
analysis and the second one is because the black-hole mass
varies during the emission process and the radius of the
horizon changes accordingly [1-5|. An interesting measure
Gedanken experiment was proposed in [6] involving micro-
black holes at the Planck scale of spacetime which leads to
the GUP. This independent model depends on Heisenberg
principle and Schwarzschild radius.

Recently, a new model of GUP was proposed in [7-9)]
which predicts a maximum observable momentum besides
the existence of minimal measurable length and in
consistency with doubly special relativity (DSR) theo-
ries, string theory and black-holes physics and ensures
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[zi, ;] =0=[p;,p;] (via the Jacobi identity):
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1
where a=ay/Myc=apl,/h, M, = Planck mass, E;Ei
Planck length, and M,c? = Planck energy.

It was found that eq. (1) is approximately covariant
under DSR transformations [10]. Since DSR transforma-
tions preserve both speed of light, and invariant energy
scale [11], it is not surprising that eq. (1) implies the
existence of minimum measurable length and maximum
measurable momentum for a single particle. However, the
existence of maximal energy bound does not make sense
for macroscopic objects which have rest energies higher
than the Planck mass. This paradox is usually referred to
in the DSR literature as the soccer ball problem:

Az 2 (’ﬁ'm)ﬂbiﬁ- ~ ﬂ'DE;th
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The proposed GUP suggests that the space is discrete,
and that all measurable lengths are quantized in units of
a fundamental minimum measurable length (which can be
the Planck length). A similar quantization of length was
shown within the context of loop quantum gravity in |12
and discreteness of area was obtained in noncommutative
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geometry [13|. Recently, it was suggested in [14] that the
GUP implications can be measured directly in quantum
optics lab which confirm the theoretical predictions in
115,16.

Since the GUP modifies the fundamental commuta-
tor bracket between position and momentum, naturally
it modifies the Hamiltonian and hence it affects a host of
quantum phenomena, and it is important to make a quan-
titative study of these effects. In a series of earlier papers.
the effects of GUP were investigated on atomic, condensed
matter, preheating phase of the universe systems, black
holes at LHC [8,15-19|, the weak equivalence principle
(WEP), the Liouville theorem (LT) in statistical mechan-
ics [20]. It was found that the GUP can potentially explain
the small observed violations of the WEP in neutron inter-
ferometry experiments [21] and also predicts a modified
invariant phase space which is relevant to the Liouville
theorem.

In this paper, we present a study for the impact of the
GUP, proposed by some approaches to quantum gravity
such as string theory and doubly special relativity theories
(DSR) and which respect the Jacobi identity on black-hole
physics, (see egs. (1)). We calculate the corrections to both
the temperature and the entropy of black holes.

An outline of this paper is as follows. In the second
section, we review briefly how standard Hawking temper-
ature can be obtained from the standard uncertainty
principle In the third section, we investigate BH thermo-
dynamics if the previously proposed GUP [7,9] is taken
into consideration, We give our conclusions in the fourth
sectlon.

Hawking temperature —uncertainty relation
connection. — In this section, we review the connection
between standard Hawking temperature and uncertainty
relation that has been proposed by Scardigli in [22] and
was studied with GUP of |1| by Adler et al. in [23]. A BH
could be imagined as a 3-dimensional sphere of size equal
to twice the Schwarzschild radius, r;. Since the Hawking
radiation is a quantum process, so the emitted particle
should obey the Heisenberg uncertainty relation. This
leads to momentum-position uncertainty,

h

ApAzx > E (4)

where the uncertainty in position of emitted Hawking

particle has its minimum value given by

4GM

AT e dp,. = ;
(

, (5)

Using egs. (4), (5) the energy uncertainty of the emitted
Hawking particle is given by

h h Myc? [ M\ !
AE ~cAp=c— = = — . '
TR T S, T T 8 (M,?) (6)

M

From now on, we can assume m = 1= Where m is the
P

mass in units of the Planck mass and the Planck mass

M, 1s given by LM;}:\/%. As suggested by Scardigli
in |20] and Adler et ol. in [23], one can define the energy
uncertainty AF as the energy of the emitted photon from
the black hole. This argument implies that one can get
the characteristic temperature of the emitted Hawking
particle by just multiplying AF with a factor —?1; to give
exactly the Hawking temperature [24]

1

Ty =— 7
=g "

The black-hole entropy can be calculated through the
first law of black-hole thermodynamics:

ﬂffp{:ﬂ m™ L

(8)

Using the mass in units of the Planck mass, m, one can
rewrite eq. (8) as

dM = %TdS.
c

1
dS = M,c* =dm. (9)
i
By integrating eq. (9) using eq. (7), one can obtain the
the Bekenstein entropy [25] as follows:

S = 4rm?. (10)

The specific heat can be calculated using the thermo-
dynamical relation

a8 asS dm 8030
=T =T = M, c® —
C=lor =Tomar =M 510

By differentiating eq. (7) and substituting this into
eq. (11), the specific heat could be given by

(11)

C = —8mm?. (12)

The Hawking temperature Ty can be used in the
calculation of the emission rate. The emission rate might
be calculated using the Stefan-Boltzmann law considering
that the energy loss was dominated by photons. The
emission rate of the black hole is

dM
3 13
dg 13)
The emission rate will be
dm " : _
s ik ;A (14)

W
where ¢, = (!—f—) *} is the Planck time, and the form of u

can be found in [26]. The exact calculation should consider
the squeezing of the [undamental cell in momentum
space, which modifies the emission rate equation (14).
However, one can neglect this effect in the first-order
approximation [4,27].

The decay time of the black hole can be obtained by
integrating eq. (14) to give

1
T = (-:j) utme . (15)
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One can notice that the calculated Hawking tempera-
ture T'y, Bekenstein entropy S, specific heat C, emission
rate %, and decay time 7 lead to catastrophic evapora-
tion as m — 0. This can be explained as follows. Since
C =0 only when m =0, the black hole will continue to
radiate until m =0. But as the black hole approaches
zero mass, its temperature approaches infinity with infi-
nite radiation rate, This was just a briefl summary for
the Hawking radiation-uncertainty principle connection,
and the catastrophic implications of the Hawking radia-
tion as the black-hole mass approaches zero. In the next
section, we study BH thermodynamics if GUP is taken
into consideration. The end-point of the Hawking radi-
ation 1s not catastrophic because GUP implies the exis-
tence of BH remnants at which the specific heat vanishes
and, therefore, the BH cannot exchange heat with the
surrounding space. The GUP prevents BHs from evaporat-
ing completely, just like the standard uncertainty principle
prevents the hydrogen atom from collapsing [23,26).

GUP and BH thermodynamics. — In this section,
we make an analysis of BH thermodynamics if GUP
proposed in [7-9] is taken into consideration.

The emitted particles as Hawking radiation are mostly
photons and standard model (SM) particles. For simplic-
ity, we might assume {rom the kinetic theory of gases a
cloud ol points in velocity space, equally spread in all
directions (there is no reason that a particle would prefer
to be moving in the z-direction, say, rather than in the
y-direction) and consider

P1 =~ P2 = P3. (16)
This assumption leads to
3
P’ = pipi~3pt,
i=1
2 1 o
{p;) =~ g(p ): (17)

Now, we want to find the relation between (p?) and Ap®.
We assume that we have a photon gas emitted from the
BH like emission from a black body. Therefore, we may
use Wien’s law which gives a temperature corresponding
to a peak emission at an energy given by

elp) =2.821 Thy. (18)

From the Hawking-uncertainty connection proposed by

Adler et al. in [23] we have
1 1
Ty =—c¢c Ap= ).
= P 2 891 ¢ (p) (19)
We get the following relations using the relation (p?) =
Ap® + (p)*:

(p) = 2.821% Ap= /i Ap,
1\ 2
(p°) = (1+pu)Ap®, where pu= (2.821 ;) . (20)

We would like to find the corresponding inequality for
eq. (1). Equation (1) gives by using the argument used

in [26]

h
ArAp > 5

§ 2
1—alp) — n<%—-> +a*(p?) + 30 (p})

et

(21)
Using the arguments of eqs. (17), (20), in the inequal-
ity (21), we get

h 4 Ap 525 IND?
&:Bﬁ.fp 2 E l:]. p E}:[}Ep (5) ﬁ“‘}-{' +2(1 +M)&[}EPF :
(22)

The last inequality (and as far as we know the only one)
follows from eq. (1).

By solving the inequality (22) as quadratic equation in
Ap, we obtain

E}F ; 2&5[?-[-&'[]5:3 (é \/ﬁ)
h 41+ p)ad ¢
; 8(1 4+ p)ais?
« (1= |1~ (1 +w)aoh; (23)

O\ Garrant () v

where we considered only the negative sign (—) solution
L] [ - L ‘E' ]
which gives the standard uncertainty relation as <% — 0.

The modified Hawking temperature will be given by

1 M, om 4. 20VP
Lol

'l e
TH

rad (14 p
2
% 1 — 1 - (1 + !‘L)HU 5 (24)
\ 2 (Qm + =t )
=1
= Ty (1+ “‘f‘/ﬁ)
bm
- T |
1 2
x |1+ 11— L. (25)
\t 2 (Em | H”:;"m )

The modified Hawking temperature is physical as far as
the black-hole mass satisfies the following inequality:

agg@ )2'

(14 1) af <2 (Em | (26)

This tells us the black hole should have minimum mass
M,.in given by

Mpin = M, (\/ (L ;f'“‘) - V%—) ? (27)

The endpoint of Hawking evaporation in the GUP case
1s characterized by a Planck-size remnant with maximum
temperature

Tmaﬂ: ~ 2

(28)
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The emission rate can be calculated using the Stefan-
Boltzmann law, using eqs. (13), (14), we get

/ | ~4
dﬂ = mlﬁﬁ_m—ﬁ 3. unﬁ
di Ly Gm
- - —d
2
v l+ (]_+p‘,)ﬂ[} . (29)
O\ 2(emeE)

The entropy can be calculated from the first law of BH
thermodynamics,

dS = 4mm (l I - \/ﬁ)

6m

2
WE L (1+#)CE{L :
\ 2 (2m+ ﬂﬂ; IH)

—3&%# - Sﬂé o QQ'U.ﬁ + 12m

dm, (30)

{

2
Y = —t
3 \/ g/t + 6m
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V2 8v/2
X
+2mm? — '3—271'{1'%(;& +1)%log (th Sagp — 3ad + devg/ 1L
f—3c1'2 1 — 302 + 2a./1 + 12m
+2v200 m V 0f 0 lu\/af_
Eli[}ﬂ + 6m
—3adp — 3ad + 2 + 12
+12 \./im\/ =L {ID: ﬂlﬂﬂ+ e + 24??1)
CEQ+/ [ + bm
2
+§?rﬂ(;.\/ﬁm, (31)
TR
S = 4dmrm”® + gﬂan\/’ﬁm
1 3
—I~Euﬁ(m¢ — 9rpum — 97m) + O ((}TS) . (32)
The specific heat has been calculated in the GUP case
to give
_ = 2
C = ~=T (21’]’1 I ﬂl{];/ﬁ) 1 — [1+H){ID 5
\  2(2m+2E)
1 i,
Wy PR T (33)
\ s (EHL | ”“éﬁ)

We note that the BH specific heat vanishes at the
minimum BH mass. Therefore, the BH cannot exchange

heat with the surrounding space and hence predicts the
existence of black-hole remnants which may be considered
as candidates for dark matter.

Conclusions. — In this paper we investigated the effect
of GUP on the black-hole thermodynamics. We found
that the GUP leads to a new mass-temperature relation
and defines a minimum mass and maximum temperature
for the black holes predicting the existence of black-hole
remnants which may be considered as candidates for dark
matter. In the future, it would be appropriate to generalize
the calculations in extra dimensions to investigate the
possibilities to see black holes at LHC.

* % %

This work was supported in part by Benha Univer-
sity, Tabuk University and Ain Shams University. The
authors gratefully thank the anonymous referee for useful
comments and suggestions which helped to improve the

paper.
REFERENCES

1] AMATI D., CIAFALONI M. and VENEZIANO G., Phys. Lett.
B, 216 (1989) 41,

2] MAGGIORE M., Phys. Lett. B, 304 (1993) 65 (arXiv:hep-
th/9301067); MAGGIORE M., Phys. Rev. D, 49 (1994)
5182 (arXiv:hep-th/9305163); MAGGIORE M., Phys.
Lett. B, 319 (1993) 83 (arXiv:hep-th/9309034); GARAY
L. J., Int. J. Mod. Phys. A, 10 (1995) 145
(arXiv:gr-qc/9403008); HOSSENFELDER S., BLEICHER M.,
HorMANN S., RUPPERT J., SCHERER S. and STOECKER
H., Phys. Lett. B, 575 (2003) 85 (arXiv:hep-th/0305262);
BamBl C. and UrRBAN F. R., Class. Quantum Grav., 25
(2008) 095006 (arXiv:0709.1965 [gr-qcl).

3] KeEmpr A.; MANGANO G. and MANN R. B., Phys. Rew.
D, 52 (1995) 1108 (arXiv:hep-th/9412167).

4] KEMPF A., J. Phys. A, 30 (1997) 2093 (arXiv:hep-

th/9604045).

5] Brau F., J. Phys. A, 32 (1999) 7691 (arXiv:quant-
ph/9905033).

6] ScAarRDIGLI F., Phys. Lett. B, 452 (1999) 39 (arXiv:hep-
th /9904025).

7] ALl A. F., DAs S, and VAGENAS E. C., Phys. Lett. B,

678 (2009) 497 (arXiv:0906.5396 [hep-th]).

8] ALt A. F., Das S and VageNnas E. C., arXiv:1001.2642
lhep-th].

9] Das S., VAGENAS E. C. and ALl A. F., Phys. Lett. B,

690 (2010) 407 (arXiv:1005.3368 [hep-th]).

CORTES J. L. and GAMBOA J., Phys. Rev. D, T1 (2005)

065015 (arXiv:hep-th/0405285).

MAGUELJO J. and SMOLIN L., Phys. Rev. Lett., 88

(2002) 190403 (arXiv:hep-th/0112090); MAGUELIO J. and

SMOLIN L., Phys. Rev. D, T1 (2005) 026010 (arXiv:hep-

th/0401087).

[12] THIEMANN T., J. Math. Phys., 39 (1998) 3372 (arXiv:gr-
qc/9606092).

[13] AMELINO-CAMELIA G., GuBITOSI G. and MERCATI F.,

Phys. Lett. B, 676 (2009) 180 (arXiv:0812.3663 [hep-th]).

[10]

[11]

20004-p4



Minimal length, maximal energy and black-hole remnants

[14]

15]
16]
17

18]

Pikovskl 1., VANNER M. R., ASPELMEYER M., KM
M. and BRUKNER C., Nat. Phys., 8 (2012) 393
(arXiv:1111.1979 [quant-ph]).

ALt A, F., DAs S. and VAGENAS E. C., Phys. Rev. D, 84
(2011) 044013 (arXiv:1107.3164 [hep-th]).

DAs S. and VAGENAS E. C., Phys. Rev. Lett., 101 (2008)
221301 (arXiv:0810.5333 [hep-th]).

DAs 8. and VAGENAS E. C., Can. J. Phys., 87 (2009) 233
(arXiv:0901.1768 [hep-th]).

CHEMISSANY W., DAs S., ALl A, F. and VAGENAS E. C.,
JCAP, 12 (2011) 017 (arXiv:1111.7288 [hep-th)).

| ALt A, F., JHEP, 09 (2012) 067 (arXiv:1208.6584

[hep-th]).

ALl A. F., Class. Quantum Grav., 28 (2011) 065013
(arXiv:1101.4181 [hep-th)).

CoLLELA R., OVERHAUSER A. W. and WERNER S.
A., Phys. Rev. Lett.,, 34 (1975) 1472; LITTRELL K. C.,
ALLMAN B. E. and WERNER S. A., Phys. Rev. A, 56
(1997) 1767; CAMACHO A. and CAMACHO-GALVAN A.,

|27]

Rep. Prog. Phys., 70 (2007) 1, arXiv:0810.1325
lgr-qc.

SCARDIGLI F., Nuove Cimento B, 110 (1995) 1029 (gr-
qc/0206025).

ADLER R. J., CHEN P. and SANTIAGO D. 1., Gen. Relaliv.
Gravit., 33 (2001) 2101 (gr-qc/0106080).

HAWKING S. W., Commun. Math. Phys., 43 (1975) 199.
BEKENSTEIN J. D., Phys. Rev. D, 7 (1973) 2333; BEKEN-
STEIN J. D., Stud. Hist. Philos. Mod. Phys., 32 (2001)
H11 (gr-qc/0009019).

CAvacLiA M., DAs S. and MAARTENS R., Class. Quan-
tum Grav., 20 (2003) L205 (hep-ph/0305223); CAVAGLIA
M. and DaAs S., Class. Quantum Grav., 21 (2004) 4511
(hep-th/0404050); HOSSENFELDER S., Phys. Leilt. B, 598
(2004) 92 (hep-th/0404232); MepvED A. J. M. and
VAGENAS E. C., Phys. Rev. D, 70 (2004) 124021 (hep-
th/0411022).

NIEMEYER J. C., Phys. Rev. D, 65 (2002) 083505 (astro-
ph/0111479).



